Exact structures and degeneration of Hall algebras by Fang, Xin & Gorsky, Mikhail
ar
X
iv
:2
00
5.
12
13
0v
1 
 [m
ath
.R
T]
  2
5 M
ay
 20
20
EXACT STRUCTURES AND DEGENERATION OF HALL ALGEBRAS
XIN FANG AND MIKHAIL GORSKY
ABSTRACT. We study degenerations of the Hall algebras of exact categories induced by degree
functions on the set of isomorphism classes of indecomposable objects. We prove that each such
degeneration of the Hall algebra H(E) of an exact category E is the Hall algebra of a smaller
exact structure E ′ < E on the same additive category A. When E is admissible in the sense
of Enomoto, for any E ′ < E satisfying suitable finiteness conditions, we prove that H(E ′) is a
degeneration ofH(E) of this kind.
In the additively finite case, all such degree functions form a simplicial cone whose face
lattice reflects properties of the lattice of exact structures. For the categories of representations
of Dynkin quivers, we recover degenerations of the negative part of the corresponding quantum
group, as well as the associated polyhedral structure studied by Fourier, Reineke and the first
author.
Along the way, we give minor improvements to certain results of Enomoto and Bru¨stle-
Langford-Hassoun-Roy concerning the classification of exact structures on an additive category.
We prove that for each idempotent complete additive category A, there exists an abelian cate-
gory whose lattice of Serre subcategories is isomorphic to the lattice of exact structures on A.
We show that every Krull-Schmidt category admits a unique maximal admissible exact structure
and that the lattice of smaller exact structures of an admissible exact structure is Boolean.
1. INTRODUCTION
1.1. Hall algebras and quantum groups. Hall algebras provide one of the first known exam-
ples of additive categorification. They first appeared in works of Steinitz [67] and Hall [41]
on commutative finite p-groups. Later, they reappeared in the work of Ringel [59] on quantum
groups. He introduced the notion of the Hall algebra of an abelian category with finite Hom−
and Ext1-spaces. As a vector space, it has a basis parameterized by the isomorphism classes of
objects in the category. The multiplication captures information about the extensions between
objects. One can consider this as an algebra of constructible functions on the moduli stack of
objects in the category, with the convolution product given by the Hecke correspondences.
Ringel constructed an isomorphism between the twisted Hall algebra of the category of rep-
resentations of a Dynkin quiver Q (i.e. a quiver of type ADE) over the finite field Fq and the
nilpotent part of the corresponding quantum group, specialized at the square root of q :
U−√q(g(Q))
∼→ Htw(repFq(Q)).
Later Green [38] generalized this result to an arbitrary valued quiver Q by providing an iso-
morphism between the nilpotent part of the quantized universal enveloping algebra of the cor-
responding Kac-Moody algebra and the so-called “composition” subalgebra inHtw(repFq(Q))
generated by the classes of simple objects. Using the Grothendieck group of the category of
quiver representations, he introduced an extended version of the Hall algebra which recovers
the Borel part of the quantum group.
Lusztig [50, 51] investigated the geometric version of the composition subalgebra in the Hall
algebra Htw(repFq(Q)), using perverse sheaves on moduli spaces of quiver representations.
This is an example of monoidal categorification, where the tensor product in a certain monoidal
category gives rise to the multiplication in the algebra. This approach led him to the discovery
of the canonical basis in U−√q(g(Q)) satisfying very pleasant positivity properties.
1
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Other interesting examples of Hall algebras are those of categories of coherent sheaves on
schemes. They were first considered by Kapranov in [47], where he linked Hall algebras of
coherent sheaves on curves to the study of automorphic forms. Since then, Hall algebras of
coherent sheaves have been studied intensively and turned out to be related to the geometric
Langlands conjecture, Cherednik algebras, knot invariants, etc, see [62, 64, 63, 37, 54] and ref-
erences therein. Hall algebras of other classes of categories appeared in the context of skein
modules of Legendrian links [40], Donaldson-Thomas invariants (see the survey [14] and ref-
erences therein) and cluster algebras [15].
Hubery [43] proved that the algebra defined in the same way as by Ringel, but for an exact
category, is also unital and associative. Since any small exact category can be embedded as a
full extension-closed subcategory into an abelian category, this might look like a rephrasing of
Ringel’s theorems. However, the result is deep for several reasons. First, for an arbitraryHom−
andExt1−finite exact category it might be impossible to find an embedding (as a full extension-
closed subcategory) into a Hom− and Ext1−finite abelian category [12, Section 2.1]. Second,
the associativity of such a Hall algebra corresponds to the fact that the Waldhausen S•-space
of an exact category is 2-Segal in the sense of Dyckerhoff-Kapranov [25]. Waldhausen spaces
first appeared in the studies of higher K-theory, where it is important to go beyond the realm of
abelian categories.
Our work sheds new light on Hubery’s result. Being abelian is a property of an additive
category, while an exact category is an additive category endowed with an extra structure. The
Hall algebra of an exact category depends not only on the underlying additive category, but on
this structure as well. Moreover, since each additive category admits a split exact structure, to
each Hom−finite Fq−linear additive category one can associate at least one Hall algebra. We
study relations between different Hall algebras associated to different exact structures on the
same additive category.
1.2. Exact structures on an additive category. An additive category A can be endowed with
many different exact structures. Some classification results of these exact structures can be
found in the papers [26, 27, 60, 24] and the references therein. Recently, two new approaches
are proposed to this topic. There is a natural partial order on exact structures on an additive
category: one structure is smaller than the other if it has less conflations. Enomoto [28] used
the functorial approach to classify exact structures in a large class of additive categories in
terms of Serre subcategories of their module categories. In particular, he proved that, in some
natural generality, exact structures on an additively finite category A (that is, an additive cate-
gory having finitely many indecomposable objects up to isomorphism)1 form a Boolean lattice.
This lattice can be identified with the lattice of the subsets of the set of all the indecomposable
objects that are not projective with respect to the maximal exact structure on A. Bru¨stle, Has-
soun, Langford and Roy investigated relations between changes of exact structures to smaller
ones (i.e. having strictly less conflations) and some matrix reduction problems, see [16] for
the details (see also [26]). This inspired the name of the reduction of exact structures for this
procedure. They also gave a partial generalization of Enomoto’s theorem by showing that exact
structures on an additive category always form a complete bounded lattice. For any additive
category, the minimal element is always the split, or additive exact structure, that we denote by
Eadd. The maximal element is denoted by Emax, its existence was proved by Rump [60].2
To an exact structure E on an additive category A, one can associate a category of effaceable
functors eff E (such functors go at least back to Grothendieck), that can be also interpreted
as the category of Auslander’s contravariant defects of conflations. It was known for a long
1Enomoto calls such A addtitive categories of finite type, but this term is used in literature for several different
classes of categories and so may be a bit ambiguous.
2One should always keep in mind that the structures Eadd and Emax depend on the categoryA.
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time that this category is a Serre subcategory (in fact, even a localizing subcategory) in the
category ModA of additive functors Aop → Ab [48, Appendix A], see also [34]. Enomoto
[28] classified all subcategories of ModA that arise as categories of defects of exact structures
on A. By using some properties of these categories proved by Enomoto in [28, 29], we slightly
improve on his classification and provide a simpler description of the lattice of exact structures.
Theorem A (= Theorem 2.8). The lattice of exact structures on an arbitrary idempotent com-
plete additive category A is isomorphic to the lattice of Serre subcategories of the abelian
category eff(Emax).
For an exact category E , one can investigate the structure of the interval [Eadd, E ] in this
lattice. As an interval in a complete bounded lattice, it is itself a complete bounded lattice. It is
isomorphic to the lattice of Serre subcategories of the category eff E . In general, its structure can
be quite complicated, but we show that in the following generality it is Boolean. Enomoto [28]
introduced the notion of admissible exact categories. He calls an exact category E admissible
if any object in the category eff E has finite length. In [29], he further investigated the relation
between the admissiblity of an exact category and the structure of its almost split, or Auslander-
Reiten conflations. We recall the necessary definitions in Section 2.3. We formulate and prove
explicitly the following statement, again essentially by combining some results of Enomoto
[28, 29].
Theorem B (=Theorem 2.26). Let E be an admissible exact category on a Krull-Schmidt cate-
goryA. Then the following lattices are isomorphic:
• The interval [Eadd, E ] in the lattice of exact structures;
• The lattice of subsets of the set of AR conflations in E ;
• The lattice of subsets of the set of all the indecomposables in A that are not projective
in E .
In particular, the interval [Eadd, E ] is a Boolean lattice.
Note that the condition on the exact category to be admissible does not impose restrictions
on the underlying additive category. The split exact structure on any additive category is admis-
sible, and there are fairly natural examples of admissible non-split exact structures on additive
categories, whose maximal exact structures are not admissible. We discuss this further in Sec-
tion 2.3. From Theorem A, we immediately deduce the following notable result.
Theorem C (=Theorem 2.25). Every Krull-Schmidt category A admits a unique maximal ad-
missible exact structure, namely the structure E whose category of defects eff E is the full sub-
category of modules of finite length in eff(A, Emax).
It follows from the work of Zhu and Zhuang [71] that the class of Krull-Schmidt categories
A whose maximal exact structures are admissible is much larger than that of additively finite
categories. In particular, it includes all Hom−finite, locally finite categories. These are the
categories where for each objectX , bothHom(X,−) and Hom(−, X) vanish on all but finitely
many indecomposables. We give an alternative proof of this statement in Section 2.3.
For each full subcategory B ⊂ A and each exact structure E , there exist a canonical pair of
smaller exact structures EB, EB ∈ [Eadd, E ] where objects of B are projective, resp. injective.
In general, there are many structures E ′ ∈ [Eadd, E ] not of this form. We prove that an exact
structure E is admissible if and only if each smaller exact structure has form EB for a certain
full subcategory B ⊂ A and form EB′ for (another) full subcategory B′ ⊂ A (Proposition 2.27).
1.3. Relative homological algebra. Given an exact structure E , considerations of smaller ex-
act structures E ′ < E can be seen from a different point of view. For each pair of objects
A,B ∈ A and each exact structure E ′ < E , we have Ext1E ′(A,B) ⊂ Ext1E(A,B). In other
EXACT STRUCTURES AND DEGENERATION OF HALL ALGEBRAS 4
words, Ext1E ′(−,−) is a sub-bifunctor of Ext1E(−,−). Such sub-bifunctors are the principal
subject of relative homological algebra. This topic goes back to Hochschild [42]. It was fur-
ther developed by Butler and Horrocks [20] and Auslander and Solberg [7], see also the survey
[66] for historical remarks and references. There is a certain class of additive sub-bifunctors of
Ext1E(−,−), called closed. It was proved in [26] that an additive sub-bifunctor of Ext1E(−,−)
is closed if and only if it has the form Ext1E ′(−,−) for some exact structure E ′ < E . Our paper
could have been thus called “Relative homological algebra and degeneration of Hall algebras”.
Theorem A is also a generalization of a result of Buan [17] concerning closed additive sub-
bifunctors of Ext1Λ(−,−) on categories of modulesmodΛ over Artin algebras.
We would like to note that the existence of the maximal exact structure on an arbitrary addi-
tive category A proved by Rump [60] implies that, more generally, studies of exact structures
on A are always the same as studies of closed additive sub-bifunctors of a certain bifunctor
Aop × E → Ab . This consequence of Rump’s result seems to be underappreciated. How-
ever, given an exact structure E , it is often more reasonable to consider it by itself and not as a
sub-structure of the maximal exact structure, as the latter may behave much worse.
1.4. Exact structures and degenerations of Hall algebras. It is a natural question to ask
how the Hall algebras of different exact structures on the same additive category A are related
between each other. By using Theorem A, we answer this question. We consider functions
w : Iso(A) → N. For an exact structure E on A, some of these functions induce algebra
filtrations on its Hall algebra H(E).We call such functions E−quasi valuations. When such a
function is additive on direct sums, we call it an E−valuation.
Theorem D (= Theorem 4.5). Let A be a Hom−finite idempotent complete Fq−linear addi-
tive category and let E be an Ext1−finite exact structure on A. Then for each E−valuation
w : Iso(A)→ N, the associated graded algebra induced by w on the Hall algebraH(E) is the
Hall algebraH(E ′), for some E ′ ∈ [Eadd, E ].
Given a pair of exact structures E ′ < E onA,we would like to study the E−valuationsw such
that the degeneration ofH(E) induced by w is preciselyH(E ′). In this work, we construct such
w explicitly for a pair of admissible exact structures satisfying suitable finiteness conditions.
Theorem E (= Theorem 4.7). Let A be a Hom−finite Fq−linear additive category. Suppose
A is endowed with two Ext1−finite admissible exact structures E ′ < E . If
suppHom(−,M)|P(E ′)\P(E) <∞, ∀M ∈ A,
then H(E ′) is the associated graded algebra of H(E) with respect to a filtration given by an
E−valuation defined by
wE,E ′(M) =
∑
P∈ind(P(E ′))\ ind(P(E))
dimHomA(P,M).
Here by suppHom(−,M) we mean the set of indecomposable objects X such that
Hom(X,M) 6= 0. When A is locally finite, thanks to the theorem of Zhu and Zhuang [71]
mentioned above, Theorem E applies to all pairs of Ext1−finite exact structures.
The category of representations of a Dynkin quiver is additively finite. This implies that the
maximal (i.e. abelian) exact structure on it is admissible. In this case, we prove that the de-
generations of the Hall algebra of the abelian category given by smaller exact structures can be
identified precisely with the degenerations defined in [31]. In particular, the split exact struc-
ture corresponds to a q−commutative polynomial algebra, this recovers the famous Poincare´-
Birkhoff-Witt (PBW) theorem in this quantized setting (Corollary 4.3). Thus, Theorem E can be
thought of as a generalization of the PBW theorem in the framework of Hall algebras. Our work
is not the first such generalization. Namely, Berenstein and Greenstein [12] proved a PBW-type
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theorem for all finitary exact categories. We discuss the difference in our methods and results
in Section 4.3.
Our proof of Theorem E uses tools of the Auslander-Reiten theory, namely the fact that in any
admissible exact category, each conflation can be seen as a non-negative linear combination of
AR-conflations. This property does not hold for arbitrary exact structures on additive categories,
see [29] for details and references. It was first studied by Auslander [4] and Butler [19] for the
categories of representations of finite-dimensional algebras (endowed with the abelian exact
structure). It should be stressed out that while this property is usually formulated in terms of
subgroups inK0(Eadd) and denoted by “Ex(E) = AR(E)”, it actually concerns semigroups (see
already Auslander’s proof in [4]), and so should be rather denoted by “Ex+(E) = AR+(E)”.
We discuss this in Section 2.3.
The theorem of Berenstein-Greenstein shows that H(Eadd) is a degeneration of H(E) even
beyond the admissible case. It is possible that this degeneration can be obtained from an
E−valuation. Moreover, we believe that for E ′ < E one can find E−valuations inducing de-
generations from H(E) to H(E ′) in much larger generality than that of Theorem E. In general,
it will not be enough to take formal sums of functions of the form dimHom(X,−) for objects
X ∈ A.While we have a conjectural approach to this problem, a lot of details are to be worked
out. We plan to address it in future work.
1.5. Polyhedral cones. The Hall algebraH(E) is defined by designating a multiplication on a
linear basis indexed by the objects in E . When the category E is furthermore Krull-Schmidt and
additively finite, then it admits a presentation by finitely many generators and relations.
In Gro¨bner theory, one associates to an ideal I in a commutative polynomial ringR a polyhe-
dral fan, called the Gro¨bner fan of the ideal. Each maximal dimensional cone in this fan gives
the quotient ring R/I a linear basis consisting of standard monomials with respect to this cone;
the multiplication of elements in such a basis endowsR/I with a structure termed ”algebra with
a straightening law” (ASL).
The first cone D we will associate to the Hall algebraH(E) is motivated by this construction
in Gro¨bner theory, but in a non-commutative setting. Such a cone parameterizes all possible
non-negative degrees that can be assigned to a natural generating set of H(E) consisting of
the class of indecomposable objects, so that they induce algebra filtrations on H(E). For a
point in D, by taking the associated graded algebra one gets a degeneration of H(E). If such a
point comes from the interior of D, the degenerate algebra is isomorphic to a skew-polynomial
algebra.
The second cone C arises from the following observation in the degeneration of modules: if a
moduleM degenerates to N , then for any test module T , dimHom(T,M) ≤ dimHom(T,N).
Semi-simplification is a particular case of degeneration, hence any module T defines via
dimHom(T,−) a filtration on the Hall algebra hence a point in the cone D.
Motivated by the Poincare´-Birkhoff-Witt filtration in Lie algebras, this point of view was
taken in [31, 32] for the category consisting of finitely generated modules of the path algebra of
a Dynkin quiver taken with the abelian exact structure, where it is shown that the cones C and
D are dual cones via dimHom(−,−). As a consequence, D is a non-empty polyhedral cone,
which is simplicial and the equations of its facets are known.
In this paper, we generalize this result to the framework of exact categories. In fact, we
study a relative version of this result involving two exact structures E ′ < E on a Hom−finite
idempotent complete additively finite category. In this situation, we define two cones:
(1) the coneDE,E ′ consisting of degree functions which can be imposed on the indecompos-
ables in A such that they induce algebra filtrations on H(E) whose associated graded
algebras areH(E ′);
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(2) the cone CE,E ′ , lying in the kernel ofK0(E ′)→ K0(E), and generated by the differences
[A]− [B] + [C] for all conflations A֌ B ։ C in E\E ′.
We will show that these cones are dual to each other:
Theorem F (=Theorem 5.3). We have
DE,E ′ = {ϕ ∈ (K0(Eadd)⊗ZR)∗ | for any x ∈ CE,E ′, ϕ(x) > 0; for any y ∈ CE ′,Eadd , ϕ(y) = 0}.
These cones are simplicial. By taking the face lattice, we obtain a polyhedral geometric
interpretation of the Boolean property of the interval [E ′, E ] in the lattice of exact structures
(Remark 5.2).
Some examples arising from quiver representations are discussed in Section 6. The principal
example is the category of representations of an equioriented quiver of type A. In this situation,
there exists a face of D standing at the crossroads of representation of algebras, Lie theory and
combinatorial commutative algebra (Example 6.3). We also discuss the category of representa-
tions of a quiver of type A3 endowed with two non-trivial exact structures (Example 6.5) and of
the disjoint union of two quivers of type A2 (Example 6.6).
1.6. Extriangulated categories. Let us note that Zhu and Zhuang [71] actually work in the
setting of extriangulated categories. This notion was recently introduced by Nakaoka and Palu
[55] as a unification of exact and of triangulated categories. Under suitable finiteness conditions,
we can generalize our main results to the setting of extriangulated categories. Since it requires
to present the rather long definition of extriangulated categories, to define Hall algebras of those,
and to give a quite technical proof of their associativity (that is implicitly suggested by the work
of Dyckerhoff and Kapranov [25] combined with that of Nakaoka and Palu [56]), we prefer to
postpone it to the upcoming sequel to this paper. We just give a brief remark in Section 7.
1.7. Structure of the paper. In Section 2, we collect basics on exact categories and give a
review of the structure of AR-conflations in an admissible exact category. We study the lattice
of exact structures on an additive category. The definition of the Hall algebra associated to an
exact category is briefly recalled in Section 3. Section 4 is devoted to the study of the algebra
filtrations on the Hall algebra arising from degree functions imposed on the isomorphism classes
of objects. In Section 5, we use the language of polyhedral cones to interpret the result in
Section 4 as a duality of polyhedral cones. Examples are discussed in Section 6. In Section 7,
we discuss some outlooks on extriangulated categories which will be the topic of a sequel to
this paper.
1.8. Conventions. Throughout the paper we keep the convention that the set of natural num-
bers N contains 0. All categories are assumed to be essentially small.
1.9. Acknowledgements. M. G. is indebted to Hiroyuki Nakaoka, whose question led to the
conception of this paper, and to Henning Krause for bringing his attention to the article [28].
The work that led to this paper goes back to the visit of M. G. to the University of Bielefeld in
May-June 2018, and he is very grateful to Henning Krause for the invitation and to the entire
BIREP group for valuable discussions and hospitality.
We are thankful to Ghislain Fourier and Markus Reineke for useful discussions and for the
organisation of the workshop “Geometry and representation theory at the interface of Lie alge-
bras and quivers” that took place in September 2018 at the Ruhr-Universita¨t Bochum and led to
the collaboration. We are grateful to Eugene Gorsky, Bernhard Keller, Steffen Ko¨nig and Yann
Palu for comments on preliminary versions of this paper.
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2. EXACT STRUCTURES ON AN ADDITIVE CATEGORY
2.1. Exact categories. In an additive category A a pair of morphisms
A //
i // B
p
// // C,
is said to be exact, or a kernel-cokernel pair if i is a kernel of p and p is a cokernel of i. An
exact category in the sense of Quillen [58] is A endowed with a class E of exact pairs, closed
under isomorphism and satisfying the following axioms:
[E0] For each object E ∈ A, the identity morphism 1E is an inflation.
[E0op] For each object E ∈ A, the identity morphism 1E is a deflation.
[E1] The class of inflations is closed under composition.
[E1op] The class of deflations is closed under composition.
[E2] The push-out of an inflation along an arbitrary morphism exists and yields an inflation.
[E2op] The pull-back of a deflation along an arbitrary morphism exists and yields a deflation.
Here an inflation is a morphism i for which there exists p such that (i, p) belongs to E . It is
also called an admissible monic, or an admissible monomorphism. Deflations (or admissible
epics, or admissible epimorphisms) are defined dually. We depict admissible monics by ֌
and admissible epics by ։ in diagrams. Exact pairs belonging to E are called conflations, or
admissible exact sequences. An inflation being simultaneously a deflation is an isomorphism.
By abuse of notation, we will denote an exact category (A, E) simply by E and call A its
underlying additive category.
Remark 2.1. This set of axioms is not minimal, cf. [48], [18]. We follow the terminology of
[35, 48]. There are also slightly different notions of exact categories, but in case when A is
weakly idempotent complete, all of them coincide, cf. [18]. We will always assume that A is
idempotent complete, that is an even stronger condition, cf. below.
Any abelian category has a canonical structure of an exact category. In this case, the class of
conflations coincides with the class of all exact pairs. If E and E ′ are exact categories, an exact
functor E → E ′ is an additive functor taking conflations of E to conflations of E ′. A fully exact
subcategory of an exact category E is a full additive subcategory E ′ ⊂ E which is closed under
extensions, i.e. if it contains the end terms of a conflation of E , it also contains the middle term.
Then E ′ endowed with the conflations of E having their terms in E ′ is an exact category, and the
inclusion E ′ →֒ E is a fully faithful exact functor.
Note that one additive category may be endowed with a lot of different exact structures. One
can consider any additive category A as an exact category with a split exact structure Eadd:
namely, one can take the isomorphism closure in the class of kernel-cokernel pairs of the class
{A֌ A⊕B ։ B|A,B ∈ A}
as the set of conflations. If A has a structure of an abelian category that is not semi-simple, its
split exact structure differs from the abelian one. All possible exact structures are between these
two: the class of conflations is necessarily contained in the class of all exact pairs and contains
all split exacts pairs. In other words, the split exact structure is the minimal one and the abelian
exact structure is the maximal one. More discussion and the precise statement can be found in
[26], for the case with no abelian structure see [60] and [24] and references therein. As shown
by Rump [60], any additive category has a unique maximal exact structure. We will always
denote it by Emax, the underlying additive category will be clear from the context. Bru¨stle,
Hassoun, Langford and Roy [16] studied the poset of exact structures on an additive category.
Theorem 2.2. [16, Theorem 5.3, Corollary 5.4] The poset of exact structures on an additive
category (with respect to the containment order on the corresponding classes of conflations) is
a bounded complete lattice. Its maximal element is Emax and its minimal element is Eadd.
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We say that E is idempotent complete, or that idempotents split in E , if both Ker(e) and
Ker(id − e) exist in E for each idempotent e : E → E . Any abelian category is idempotent
complete. Note that the idempotent completeness is a property of an additive category rather
than of its exact structure. In particular, if we take an idempotent complete exact category and
endow it with a bigger exact structure (by enlarging its class of conflations), the new exact
category still will be idempotent complete. Also, if an additive category can be endowed with
an abelian structure, it is idempotent complete.
We will assume that E is idempotent complete, linear over some field k and essentially small.
Suppose that moreover for all objects A,B ∈ E , we have dim(Hom(A,B)) < ∞. Then it is
well-known that E is a Krull-Schmidt category. That is, each object decomposes into a finite
direct sum of indecomposables in a unique way, up to permutation, and each of the indecom-
posables has a local endomorphism ring.
To each essentially small exact category E , one associates its Grothendieck group K0(E)
defined in the same way as in the case of abelian categories: it is the free abelian group on
the set of isomorphism classes Iso(E) modulo the relations [B] = [A] + [C] for all conflations
A֌ B ։ C. In particular, to each additive categoryA, one associates the Grothendieck group
of its split exact structure. It is called the additive, or split Grothendieck group ofA.We denote
it by Kadd0 (A), it is also often denoted Ksplit0 (A) or K0(A,⊕). As each exact category E is
additive, we have an additive Grothendieck group of its underlying additive category. By abuse
of notation, we denote it Kadd0 (E). It is known that for a Krull-Schmidt category, its additive
Grothendieck group is freely generated by the classes of indecomposable objects. When an
additive category is endowed with two different exact structures E and E ′, where E is larger
than E ′ (i.e. the class of conflations in E contains the class of conflations in E ′), it follows that
the Grothendieck groupK0(E) is a quotient of the Grothendieck groupK0(E ′). In particular, for
each essentially small exact category E , its Grothendieck groupK0(E) is a quotient ofKadd0 (E).
If E can be endowed with an abelian structure C, thenK0(C) is a quotient ofK0(E).
The notion of extensions and the Yoneda theory generalize naturally from the setting of
abelian to that of exact categories. In particular, for a pair of objects A,C in an essentially
small exact category E , its space of first extensions Ext1E(C,A) can be identified with the quo-
tient of the set of all conflations
A →֒ B ։ C
by the same equivalence relation as in the abelian case.
An object P is said to be projective in E if Ext1E(P,B) = 0 for any B ∈ A. This is not the
usual definition, but an equivalent one. We denote byP(E) the full subcategory of the projective
objects in the category E .
2.2. Finitely presented functors and defects. Enomoto [28] classified exact structures on an
idempotent complete additive category in terms of various functor categories. In this and in
the next subsections, we recall some of results from this work and from the work of Bru¨stle-
Hassoun-Langford-Roy [16] and give certain improvements to them. Most of our proofs are
essentially obtained by combining some arguments from [28] and [29].
For an additive categoryA, a rightA−module is a contravariant additive functorAop → Ab
to the category of abelian groups. The category of right A−modules is denoted by ModA.
The category of left modules is the category of covariant additive functors to abelian groups,
it can be seen as ModAop. Representable functors Hom(−, X) ∈ ModA and Hom(X,−) ∈
ModAop are projectives in these module categories. Moreover, both ModA and ModAop
are abelian and have enough projectives, and these are nothing but direct summands of direct
sums of representable functors. AnA-moduleM is finitely generated if admits an epimorphism
Hom(−, X) ։ M from a representable functor. It is moreover finitely presented if it admits
an exact sequence Hom(−, X) → Hom(−, Y ) → M → 0, for some X, Y ∈ A, i.e. if it
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is a cokernel of a morphism of representable functors. It is well-known that A is idempotent
complete if and only if the essential image of the Yoneda embedding A → ModA given by
X 7→ Hom(−, X) consists of all finitely generated projective A−modules. We denote by
fp(Aop,Ab) the full subcategory of finitely presented modules in ModA. We define finitely
presented left modules dually, they form the category fp(A,Ab).
Let E be an exact structure on A. For any conflation δ : A f→֒ B g։ C in E , one has exact
sequences of left, resp. right A−modules
0→ Hom(C,−) Hom(g,−)−→ Hom(B,−) Hom(f,−)−→ Hom(A,−)
and
0→ Hom(−, A) Hom(−,f)−→ Hom(−, B) Hom(−,g)−→ Hom(−, C).
Cokernels of the rightmost maps are the covariant defect δ♯, resp. the contravariant defect δ
♯
of δ, first considered by Auslander [1], see also [6, IV.4]:
0→ Hom(C,−) Hom(g,−)−→ Hom(B,−) Hom(f,−)−→ Hom(A,−)→ δ♯ → 0;(1)
0→ Hom(−, A) Hom(−,f)−→ Hom(−, B) Hom(−,g)−→ Hom(−, C)→ δ♯ → 0.(2)
Since representable functors are projectives, sequences (1) and (2) are projective resolutions
of δ♯, resp. of δ
♯.
The defects have another interpretation: they are (weakly) effaceable functors with respect
to inflations, resp. deflations [46], often called simply effaceable [48, Appendix A], see also
[34, 28, 29]. A finitely presented right A−module M is called E−effaceable if each W ∈ E
and w ∈ M(W ), there exists a deflation g : E ։ W in E such that (Mg)(w) = 0. Effaceable
left functors are defined dually.
Proposition 2.3. [29, Proposition A.1] Let A be an idempotent complete additive category. A
finitely presented rightA−moduleM is E−effaceable if and only if there is a conflation δ in E ,
such thatM = δ♯. Dually, a finitely presented left A−module N is E−effaceable if and only if
there is a conflation δ in E , such that N = δ♯.
Fiorot [34] and Enomoto [28, 29] denote the category of right finitely presented E−effaceable
modules by eff E . We denote the category of left E−effaceable modules by eff Eop. In the
setting of extriangulated categories with weak kernels, Ogawa [57] denotes the category of
contravariant defects by def E and then proves that def E = eff E .
Right E−effaceable functors form an (abelian) localizing Serre subcategory of ModA, see
[48, Appendix A]. The dual statement naturally holds for left E−effaceable functors. The cat-
egory fp(Aop,Ab) is abelian if and only if A has weak kernels. Since deflations always have
kernels, the category eff E behaves better than fp(Aop,Ab) in this aspect.
Proposition 2.4. Let A be an idempotent complete additive category. Let E be an exact struc-
ture on A.
(i) The category eff E is closed under kernels, cokernels and extensions in ModA. In
particular, it is abelian.
(ii) Suppose that there exists an exact sequence 0 → M1 → M → M2 → 0 in ModA and
that M1 is finitely generated. Then M is in eff E if and only if both M1 and M2 are in
eff E .
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Proof. For the detailed proof of part (i), see [29, Theorem A.2]. Part (ii) is proved in [28,
Proposition 2.10]. 
For each finitely presented functor F ∈ fp(Aop,Ab), Auslander [3, II.3] defined the co-
variant functor V (F ) : A → Ab by the rule V (F )(X) = Ext2(F,Hom(−, X)). Dually, for
each G ∈ fp(A,Ab), he defined the contravariant functor W (G) : Aop → Ab by the rule
W (G)(X) = Ext2(G,Hom(X,−)). From the form of projective resolutions (1) and (2) it fol-
lows that for each conflation δ, one has
V (δ♯) = δ♯, W (δ♯) = δ
♯.(3)
Moreover, these dualities respect morphisms of effaceable functors, and so V : (eff E)op →
eff Eop and W : (eff Eop)op → eff E are mutually inverse equivalences, see e.g. [3, Theorem
3.4 in Chapter II].
Lemma 2.5. For two exact structures E and E ′, we have:
E ′ ⊆ E ⇐⇒ eff E ′ ⊆ eff E ⇐⇒ eff E ′ op ⊆ eff Eop.
Proof. This follows from the description of effaceable functors as defects of conflations and
from the duality (3). 
Not all finitely presented A−modules can arise as defects of conflations in exact structures
on A. In the following two statements, Enomoto classifies all such modules and, further, all
categories that appear as eff E for some E .
Lemma 2.6. [28, Lemma 2.3] For a right A−module, the following are equivalent:
(i) There exists a kernel-cokernel pair A → B g→ C in A such that M is isomorphic to
Coker(Hom(−, g)).
(ii) There exists an exact sequence
0→ Hom(−, A)→ Hom(−, B)→ Hom(−, C)→M → 0
inModA and Exti(M,Hom(−, X)) = 0 for i = 0, 1 and all X ∈ A.
Enomoto [28] denotes by C2(A) the full subcategory of ModA consisting of modules satis-
fying the above equivalent conditions.
Theorem 2.7. [28, Theorem 2.7] Let A be an idempotent complete additive category. Then
there exist mutually inverse bijections between the following two classes.
(i) Exact structures E on A.
(ii) Subcategories D of C2(A) satisfying the following conditions.
(a) Suppose that there exists an exact sequence 0 → M1 → M → M2 → 0 of finitely
generated right A-modules. Then M is in D if and only if bothM1 andM2 are in
D.
(b) Suppose that there exists an exact sequence 0 → M1 → M → M2 → 0 of finitely
generated left A-modules. Then M is in Ext2(D,Hom(−, E)) if and only if both
M1 andM2 are in Ext
2(D,Hom(−, E)).
Under the bijection, an exact structure E maps to the category eff E . A subcategoryD of C2(A)
maps to the structure E(D) consisting of all kernel-cokernel pairs A f→ B g→ C inA, such that
there exists an exact sequence inModA
0→ Hom(−, A) Hom(−,f)−→ Hom(−, B) Hom(−,g)−→ Hom(−, C)→ M → 0
withM ∈ D.
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By combining these arguments, we can give a simpler classification.
Theorem 2.8. The lattice of exact structures on an idempotent complete additive categoryA is
isomorphic to the lattice of Serre subcategories of eff Emax and to the lattice of Serre subcate-
gories of eff(Emax)op.
Proof. Let E be an exact structure on A. By Lemma 2.5, we have eff E ⊆ eff Emax. By
Proposition 2.4(i), both eff E and eff Emax are abelian full extension-closed subcategories in
ModA. All functors in eff Emax and, in particular, in eff E are finitely generated. Then by
Proposition 2.4(ii) it immediately follows that eff E is a Serre subcategory of eff Emax.
Let D be a Serre subcategory of Emax. By the Ext2−duality, its Ext2−dual is a Serre sub-
category of eff Emaxop. Since all functors in eff Emax are in C2(A) and finitely generated, so are
all functors in D. The dual holds for the Ext2−dual of D. Then by Theorem 2.7, E(D) is an
exact structure on A. 
Corollary 2.9. Let E be an exact structure on an idempotent complete additive category A.
The interval [Eadd, E ] in the lattice of exact structures on A is isomorphic to the lattice of Serre
subcategories of eff E and to the lattice of Serre subcategories of eff Eop.
Remark 2.10. If the class of all kernel-cokernel pairs forms an exact structure, it is then the
maximal one. This happens, in particular, when A is abelian or, more generally, quasi-abelian
([65], see also [18, Section 4]). In this case, eff Emax = C2(A), and we recover [28, Lemma
2.12]: the lattice of exact structures on A is isomorphic to the lattice of Serre subcategories of
C2(A).
If E has enough projectives, the ideal quotient of A by all the morphisms that factor through
projective objects is called the projectively stable category of E and denoted by E . Dually one
defines the injectively stable, or the costable category of E denoted by E .
Lemma 2.11. [28, Lemma 2.13] If E is an exact structure with enough projectives, then eff E ∼→
fp(Eop,Ab).
Corollary 2.12. (cf. [28, Corollary 2.14]) If E is an exact structure with enough projectives,
then the interval [Eadd, E ] is isomorphic to the lattice of Serre subcategories of the category
fp(Eop,Ab).
In particular, this recovers Buan’s classification of exact structures on the category modΛ
for an Artin algebra Λ [17, Proposition 3.3.2]. Note that Buan was working in terms of closed
additive sub-bifunctors of Ext1Λ(−,−), cf. Section 1.3.
Dually, if E is an exact structure with enough injectives, then the interval [Eadd, E ] is isomor-
phic to the lattice of Serre subcategories of the category fp(Eop,Ab).
2.3. AR conflations and admissible exact categories. Recall the basic notions of the
Auslander-Reiten (AR) theory in the setting of exact categories. We follow [35, Section 9], see
also [5, 6]. Throughout this section, we assume that A is a Krull-Schmidt (additive) category.
Let J be its Jacobson radical. For an object X ∈ A, we set SX := Hom(−, X)/J (−, X). It
is well-known that the mapX → SX is a bijection between Ind(A) and the set of isomorphism
classes of simple rightA−modules (see e.g. [2]). The dual statement holds for the left modules
SX := Hom(X,−)/J (X,−).
Let X,Z be indecomposable objects in A. Let δ : X f֌ Y g։ Z be a conflation in E . By
abuse of notation, we also denote by δ its class in Ext1E(Z,X).
Theorem 2.13. [35, Theorem 9.3] The following are equivalent.
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• The sequence
0→ Hom(−, X) Hom(−,f)−→ Hom(−, Y ) Hom(−,g)−→ Hom(−, Z)→ SZ → 0
is the minimal projective resolution of SZ;
• g is not a retraction and every morphism in J (−, Z) factors through g;
• The sequence
0→ Hom(Z,−) Hom(g,−)−→ Hom(Y,−) Hom(f,−)−→ Hom(X,−)→ SX → 0
is the minimal projective resolution of SX;
• f is not a section and every morphism in J (X,−) factors through f .
The conflation δ, if exists, is uniquely determined (up to isomorphism) by the objectX . It is also
uniquely determined by the object Z.
Conflations δ satisfying the equivalent conditions of Theorem 2.13 are called almost split, or
Auslander-Reiten (AR) conflations. When Ext1(Z,X) contains an AR conflation, one uses the
notationX = τZ and Z = τ−1X.
We say that E has AR conflations if for every indecomposable non-projective object Z there
exists an AR conflation ending at Z, and for every indecomposable non-injective objectX there
exists an AR conflation starting at X .
Proposition 2.14. [29, Proposition 2.3] Let A be a Krull-Schmidt additive category, Z be an
indecomposable object and E an exact structure on A. Then the following are equivalent.
(i) There is an AR conflation in E ending at Z;
(ii) SZ is in eff E;
(iii) SZ is finitely presented and Z /∈ P(E).
Simple objects in eff E are precisely the simple right A−modules that belong to eff E . An
object in eff E has finite length in eff E if and only if it has finite length in ModA, and the
composition series are the same in this case. ([29, Proposition A.3]). The dual of the statement
of Proposition 2.14 holds for the left modules SZ in eff Eop.
Corollary 2.15. (i) The map Z → SZ is a bijection between the set Ind(A)\ ind(P(E))
and the set of isomorphism classes of simple objects in eff E ;
(ii) The simple objects SZ in eff E are precisely the contravariant defects of
AR−conflations in E;
(iii) The map Z → SZ is a bijection between the set Ind(A)\ ind(P(E)) and the set of
isomorphism classes of simple objects in eff Eop;
(iv) The simple objects SZ in eff Eop are precisely the covariant defects of AR−conflations
in E .
Let AR+(E) and AR(E) be the sub-semigroup, resp. subgroup ofKadd0 (E) generated by
{[X ]− [Y ] + [Z] | there exists an AR conflation X ֌ Y ։ Z in E} .
Let Ex+(E) and Ex(E) be the sub-semigroup, resp. subgroup ofKadd0 (E) generated by
{[X ]− [Y ] + [Z] | there exists a conflationX ֌ Y ։ Z in E} .
Enomoto [28] calls an exact structure E admissible if every object in eff E has finite length.
Let F be a right or a left module over a Krull-Schmidt category A. Its support is defined in
terms of indecomposable objects in A:
supp(F ) := {X ∈ Ind(A) |F (X) 6= 0} .
Lemma 2.16. If A is a Hom−finite Krull-Schmidt category, then a finitely generated
A−module has finite length if and only it has finite support.
EXACT STRUCTURES AND DEGENERATION OF HALL ALGEBRAS 13
Proof. See, e.g. [49, Lemma 3.4] or [2, Theorem 2.12]. 
We will need the following statement in Section 4.
Proposition 2.17. [2, Proposition 2.2] Let X be an indecomposable object. Then the supports
of the right simple module SX and the left simple module S
X are both equal simply to {X} .
Moreover, we have
SX(Y ) = S
X(Y ) = δYX , ∀Y ∈ Ind(A).
We say that an additive category A is additively finite if it has only finitely many indecom-
posable objects up to isomorphism. As before, we assume thatA isHom−finite and linear over
a field k. Then Enomoto proved in [28] that all exact structures on A are admissible and can be
classified via Auslander-Reiten (AR) theory. For the convenience of the reader, we give precise
references to those results of Enomoto for additively finite categories that are important for us.
Theorem 2.18 (Enomoto). Let A be a Hom−finite idempotent complete k−linear additively
finite category. Let E be an exact structure on A. Then the following holds.
(i) [28, Corollary 3.15] E has enough projectives and enough injectives.
(ii) [28, Corollary A.4] E has AR conflations.
(iii) [28, Proposition 3.8(2)] E is Ext1−finite.
(iv) [28, Proposition 3.8(3)] E is admissible.
(v) [28, Corollary 3.10] There is a one-to-one correspondence between the exact structures
onA and the subsets of the (finite) set ind(A)\ ind(P(Emax)). For an exact structure E ,
the corresponding subset coincides with the set ind(P(E))\ ind(P(Emax)). In particu-
lar, ind(P(Eadd)) = ind(A).
(vi) [28, Corollary 3.18] Ex+(E) = AR+(E).
The last result was stated as Ex(E) = AR(E), but the proof used only the fact that the defect
of each conflation in E has finite length, and this means that it actually applies to semigroups.
While this might look like a minor distinction, it will be crucial for the proofs of our main
results.
In paper [29], Enomoto further investigated the relation between parts (iv) of (vi) of Theorem
2.18 without the finiteness assumption on the underlying additive category, i.e. between the
admissibility of an exact category E and the property Ex+(E) = AR+(E). Under a certain
condition (of conservation of finiteness (CF) [29, Definition 3.5]), he proved that E is admissible
if and only if E has AR conflations and Ex+(E) = AR+(E). We are mainly concerned with
Hom−finite additive categories, and the condition (CF) is satisfied for all exact structures on
them (essentially by Lemma 2.16).
Theorem 2.19 ([29]). If (the underlying additive category of) an exact category E is
Hom−finite, then E is admissible if and only if Ex+(E) = AR+(E).
We should again emphasize that Enomoto [29] proved that Ex(E) = AR(E), but the proof
remains the same for sub-semigroups.
Remark 2.20. It follows from Theorem 2.19 and its proof that for exact structures on
Hom−finite categories, conditions Ex(E) = AR(E) and Ex+(E) = AR+(E) are equivalent.
Indeed, if Ex(E) = AR(E), then, by Theorem 2.19 (in the original statement of [29]), the struc-
ture E is admissible. Then by the proof of Theorem 2.19, Ex+(E) = AR+(E). The converse
implication is straightforward. The same is true for all exact structures satisfying the condition
(CF).
Zhu and Zhuang [71] call a Krull-Schmidt categoryA locally finite if every representable left
and every representable left indecomposableA-module has finite support:
| supp(Hom(X,−))| <∞, | supp(Hom(−, X))| <∞, ∀X ∈ Ind(A).
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Since the category is Krull-Shmidt, this happens if and only if every representable left and every
representable left A-module has finite support:
| supp(Hom(X,−))| <∞, | supp(Hom(−, X))| <∞, ∀X ∈ Iso(A).
There are slightly different notions of local finiteness of additive categories, but they coincide
with this definition for Hom−finite Krull-Schmidt categories. Zhu and Zhuang prove the fol-
lowing theorem for extriangulated structures on additive categories (see Section 7). We give an
alternative proof for exact structures. Again, the statement in fact concerns semigroups.
Theorem 2.21 ([71]). Let A be a Hom−finite, locally finite, Krull-Schmidt category and let E
be an exact structure on A. Then E has AR−conflations and Ex+(E) = AR+(E)
Zhu and Zhuang assume the structure to be Ext1−finite, but this condition is not necessary
at least in the exact case.
Proof. Local finiteness implies that every representable functor has finite support. Since A
is Hom−finite, by Lemma 2.16 it has finite length. Then for each exact structure E each
effaceable functor also has finite length inModA as a quotient of an object of finite length. By
[29, Proposition A.3], it has finite length in eff E . By definition, E is admissible. By Theorem
2.19, Ex+(E) = AR+(E). 
Example 2.22. LetΛ be a hereditary Artin algebra of infinite representation type. Its Auslander-
Reiten quiver decomposes into the preprojective component, a collection of regular components
and the preinjective component. Let P be the full subcategory of modΛ defined by the pre-
projective component. Clearly, the maximal exact structure Emax on P is the one induced from
modΛ. It was implicitly proved already by Geigle in [36] and further discussed in [53, Remark
2] and [71, Example 4.5(3)] that Ex(Emax) = AR(Emax). The property Ex(E) = AR(E) holds
then for any exact structure E on P. Note that P is a locally finite additive category, so this
property also follows from the general result of Zhu and Zhuang [71]. Since Λ is of infinite
representation type, so is P. To summarize, the exact structure Emax on P provides the first
example of an additive category which is not additively finite, while its maximal exact structure
is admissible (and satisfies the property Ex+ = AR+).
Example 2.23. The split exact structure Eadd on any additive category A is always admissible:
its category of defects has only one object, the zero functor. Every object in A is projective-
injective with respect to Eadd. Thus, each additive category has at least one admissible exact
structure. This emphasizes the fact that the admissibility of an exact structure E on an additive
category A depends on the E itself and does not impose conditions on A.
Example 2.24. Let Λ be a hereditary Artin algebra of infinite representation type, as in Example
2.22. The maximal exact structure onmodΛ is not admissible. However, it has AR conflations.
Their defects form the sets of simple covariant, resp. simple contravariant functors frommodΛ
to the category Ab. Any Serre subcategory of mod(modΛ) generated by a subset of simples
(i.e. of defects of some of AR conflations) via finitely many extensions is automatically a finite
length category, so the corresponding exact structure on modΛ is admissible. These can be
seen as natural examples of non-split admissible exact structures on additive categories that are
not locally finite.
The last example can be generalized to the case of arbitrary Krull-Schmidt additive cate-
gories.
Theorem 2.25. Every Krull-Schmidt additive category A has a unique maximal admissible
exact structure.
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Proof. Take the maximal exact structure (A, Emax). Its category of defects eff Emax is abelian
(Proposition 2.4(i)). Then its full subcategory of finite length objects is a Serre subcategory. By
Theorem 2.8 it defines a (unique) exact structure E on A. This exact category is admissible by
construction, and again by construction any other admissible exact structure on A is smaller.

Theorem 2.26. Let E be an admissible exact category on a Krull-Schmidt categoryA. Then the
following lattices are isomorphic:
• The interval [Eadd, E ] in the lattice of exact structures;
• The lattice of subsets of the set of AR conflations in E ;
• The lattice of subsets of the set of all the indecomposables in A that are not projective
in E ;
• The lattice of subsets of the set of all the indecomposables in A that are not injective in
E .
In particular, the interval [Eadd, E ] is a Boolean lattice.
Proof. Since E is admissible, every object in eff E has finite length. By Corollary 2.9, the inter-
val [Eadd, E ] is isomorphic to the lattice of Serre subcategories of eff E . Every Serre subcategory
of a category where each object has finite length is a category of all objects with (automatically
finite) composition series with terms in some subset of the set of simples, this defines a bijection
between Serre subcategories of the category eff E and subsets of its set of simple objects. This
bijection preserves the contaimnent order, it is thus a lattice isomorphism. By Corollary 2.15,
the lattice of subsets of the simple objects in eff E is isomorphic to the lattice of subsets of the
set of AR conflations in E and to the lattice of subsets of the set Ind(A)\ Ind(P(E)). 
For an exact structure E and a full subcategory B ⊂ A, one can associate a pair of exact
structures EB, EB ∈ [Eadd, E ] as follows: a conflation δ : X ֌ Y ։ Z in E is also a conflation
in EB if δ♯(B) = 0, ∀B ∈ B. Dually, it is in EB if δ♯(B) = 0, ∀B ∈ B. One can reformulate
these conditions in terms of Ext1−bifunctors:
Ext1EB(Z,X) =
{
δ ∈ Ext1E(Z,X) | Hom(B, Y )→ Hom(B, Z)→ 0 is exact
}
;
Ext1EB(Z,X) =
{
δ ∈ Ext1E(Z,X) | Hom(Y,B)→ Hom(X,B)→ 0 is exact
}
.
Note that all objects in B become projective in EB and injective in EB.
Proposition 2.27. For an exact structure E on a Krull-Schmidt category A, the following are
equivalent:
(i) E is admissible;
(ii) For each E ′ ∈ [Eadd, E ], there exists a full subcategory B ⊂ A, such that E ′ = EB;
(iii) For each E ′ ∈ [Eadd, E ], there exists a full subcategory B′ ⊂ A, such that E ′ = EB′.
Proof. We prove the equivalence of conditions (i) and (ii), the equivalence (i)⇔ (iii) is proved
by dual arguments.
(i)⇒ (ii): Assume that E is admissible. Let E ′ be a smaller exact structure. By Theorem 2.26,
it canonically defines a subset S1 of the set Ind(A)\ Ind(P(E)). Let B be the full subcategory
of A of all finite direct sums of elements of Ind(A)\S1. By direct verification, E ′ = EB.
(ii)⇒ (i): We prove the implication by contradiction. Assume that E is not admissible. The
full subcategory of all objects of finite length in eff E is a Serre subcategory. By Corollary 2.9,
it canonically defines an exact structure E ′ < E . Since eff E ′ has the same simple objects as
eff E , the sets of projectives P(E ′) and P(E) coincide by Corollary 2.15. Consider an arbitrary
full subcategory B ⊂ A. If B ⊂ P(E), then EB = E . If B 6⊂ P(E), then EB has strictly more
projectives than E . Therefore, there is no full subcategory B ⊂ A such that E = EB. 
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3. HALL ALGEBRAS
Let E be an essentially small exact category, linear over a finite field k. Assume that E has
finite morphism and (first) extension spaces:
|HomE(A,B)| <∞, |Ext1E(A,B)| <∞, ∀A,B ∈ E .
Given objects A,B,C ∈ A, define Ext1E(A,C)B ⊂ Ext1E(A,C) as the subset parameterizing
extensions whose middle term is isomorphic to B. We define the Hall algebra H(E) to be the
Q−vector space whose basis is formed by the isomorphism classes [A] of objects A of E , with
the multiplication defined by
[A] ⋄ [C] =
∑
B∈Iso(E)
|Ext1E(A,C)B|
|HomE(A,C)| [B].
The following result was proved by Ringel [59] for E abelian, and later by Hubery [43] for E
exact. The definition ofH(E) is also due to Ringel.
Theorem 3.1 ([59, 43]). The algebra H(E) is associative and unital. The unit is given by [0],
where 0 is the zero object of E .
Remark 3.2. The choice of the structure constants
|Ext1
E
(A,C)B |
|HomE(A,C)| is the one that was used by
Bridgeland [13]. This choice is equivalent to that of the usual structure constants |{B′ ⊂
C|B′ ∼= B,C/B′ ∼= A}|, called the Hall numbers and appearing in [59, 61, 43]. See [13,
§2.3] for the details. More precisely, the usual Hall algebra carries a natural coalgebra structure.
Our choice of the structure constants actually defines the dual algebra of the Hall coalgebra. It
is known that this dual algebra and the usual Hall algebra are naturally isomorphic, see [70] for
a detailed discussion.
For twisted Hall algebras defined below, one has to tensorH(E) with Q(ν), for ν = √q, and
consider it as an algebra over Q(ν). By abuse of notation, we will use the same notationH(E)
for this new algebra, and we will not usually specify which of the two we consider.
Assume that E is locally homologically finite and that all higher extension spaces are finite:
for any A,B ∈ E and p ≥ 0, |ExtpE(A,B)| < ∞; and there exists p0 ≥ 0 such that for any
p > p0, Ext
p
E(A,B) = 0.
For objects A,B ∈ E , we define the (multiplicative) Euler form
〈A,B〉E :=
∞∏
i=0
|ExtiE(A,B)|(−1)
i
.
From the existence of long exact sequences, it follows that this form descends to a bilinear
form on the Grothendieck groupK0(E) of E , denoted by the same symbol:
〈·, ·〉E : K0(E)×K0(E)→ Q×.
One can also define the additive Euler form by taking the alternating sum of dimensions of
extension spaces:
〈A,B〉E,a :=
∞∑
i=0
(−1)i dim(ExtiE(A,B)).
If E is an Fq−linear category, we get 〈A,B〉E = q〈A,B〉E,a .
To avoid overlong notations, we will write simply 〈A,B〉 and 〈A,B〉a whenever the category
E is clear from the context.
Given any bilinear form on K0(E) with values in Q(ν)×, one can define a ν−deformation of
the Hall algebra with a twisted multiplication. The most important one is given by the square
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root of the multiplicative Euler form. Namely, the twisted Hall algebra Htw(E) is the same
vector space over Q(ν) as H(E), with the twisted multiplication
[A] ∗ [B] :=
√
〈A,B〉 · [A] ⋄ [B] = ν〈A,B〉a · [A] ⋄ [B], ∀A,B ∈ Iso(E).
4. EXACT STRUCTURES AND DEGENERATIONS OF HALL ALGEBRAS
Let A be an additive category. As in the previous sections, we assume that A is essen-
tially small, Hom−finite, idempotent complete and linear over some field k. We know that A
can be endowed with many different exact structures. Assume that E ′ and E are two different
Ext1−finite exact structures. Then their Hall algebras H(E ′) and H(E) are both well-defined.
It is then natural to ask whether there is any sensible relation between these algebras. In this
section, we find such a relation in the case when E is larger than E ′, i.e. it has more conflations.
We denote it by E ′ < E . Note that in this case, E ′ has more projective objects than E and, in
particular, more indecomposable projectives: ind(P(E)) ⊂ ind(P(E ′)), where ind(−) denotes
the set of indecomposable objects in a category. We denote by E\E ′ the class of conflations in E
that are not conflations in E ′. Proceeding from E to E ′ is called the reduction of exact structures
in [16], see the reference for motivation.
4.1. General result. Generalizing a definition in [31] from the category of quiver representa-
tions (considered as an abelian category), we introduce the following notions.
Definition 4.1. A function w : Iso(A)→ N is called
(i) normalized if w(M) = 0 only forM = 0,
(ii) an E−quasi-valuation if w(X) ≤ w(M ⊕N) whenever there exists a conflation
N ֌ X ։M
in E ;
(iii) E−additive if w(X) = w(M) + w(N) whenever there exists a conflation
N ֌ X ։M
in E ;
(iv) an E−valuation if it is an E−quasi-valuation and Eadd−additive, i.e. we have w(M ⊕
N) = w(M) + w(N) for allM and N ;
(v) E ′-characteristic in E if it is E ′−additive and w(X) < w(M) + w(N) whenever there
exists a conflation
N ֌ X ։M
in E\E ′.
Note that, for E ′ < E , any E−(quasi-)valuation is an E ′−(quasi-)valuation and any
E ′−characteristic function in E is an E−valuation. Emax−valuations and Eadd−characteristic
functions in Emax were called respectively admissible and strongly admissible in [31].
Proposition 4.2. (i) If w is an E−valuation, there exists an algebra filtration Fw• onH(E)
where Fwn is spanned by the [M ] such that w(M) ≤ n, which is normalized if w is so.
(ii) If w is E ′−characteristic in E , the associated graded algebra of H(E) with respect to
this filtration isH(E ′).
Proof. The proof of [31, Corollary 1] applies here word for word. It uses only [31, Lemma 3].
The idea in (i) is that the basis {[A] |A ∈ Iso(A)} is compatible with the filtration Fw• in the
sense that its intersection with Fwn is a basis of Fwn for all n. Part (ii) then follows from the
form of structure constants in the definitions of H(E) and H(E ′), as well as the definition of
E ′−characteristic functions in E . 
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Corollary 4.3. If w is Eadd−characteristic in E , the associated graded algebra of H(E) with
respect to the filtration Fw• is H(Eadd). It is a skew polynomial algebra in variables in Iso(A),
namely, the monoid algebra of (Iso(A),⊕), twisted by the form 1|HomA(−,−)| .
Proposition 4.4. LetA be aHom−finite idempotent complete Fq−linear additive category and
let E be an Ext1−finite exact structure on A. Then for each E−valuation w : Iso(A) → N,
there exists E ′ ∈ [Eadd, E ] such that w is E ′-characteristic in E .
Proof. Define a function w˜ : Iso(eff E)→ N by the rule
w˜(δ♯) := w(A)− w(B) + w(C),
whenever there exists a conflation δ in E of the form
A֌ B ։ C.
Recall that
0→ Hom(−, A) Hom(−,f)−→ Hom(−, B) Hom(−,g)−→ Hom(−, C)→ δ♯ → 0
is a projective resolution of δ♯. By the Yoneda lemma combined with Schanuel’s lemma, the
function w˜(δ♯) well-defined. That means that if there is another conflation γ of the form
A′֌ B′ ։ C ′,
such that δ♯
∼→ γ♯, then w(A)− w(B) + w(C) = w(A′) − w(B′) + w(C ′), so the alternating
sum defining w˜ does not depend on the choice of conflation. By the Horseshoe lemma, we have
F˜ + H˜ = G˜
for each short exact sequence
0→ F → G→ 0
in eff E . Then the kernel of w˜ is a Serre subcategory in eff E . Then by Theorem 2.8, it canon-
ically defines an exact structure E ′ ∈ [Eadd, E ] on A: a conflation µ in E is also a conflation in
E ′ if and only if w˜(µ♯) = 0. By definition of E ′, w is E ′-characteristic in E . 
Theorem 4.5. Let A be a Hom−finite idempotent complete Fq−linear additive category and
let E be an Ext1−finite exact structure on A. Then for each E−valuation w : Iso(A)→ N, the
associated graded of the filtration induced by w on the Hall algebra H(E) is the Hall algebra
H(E ′), for some E ′ ∈ [Eadd, E ].
Proof. This follows directly from Proposition 4.4 combined with Proposition 4.2. 
4.2. Admissible case. For the categories of representations of Dynkin quivers, all
Emax−valuations and all Eadd−characteristic functions in Emax were classified in [31]. The
proof uses only the existence of AR conflations in Emax and the propertyEx(Emax) = AR(Emax)
for these categories. With minor changes, we can generalize this classification to all exact
structures on locally finite categories. If we restrict ourselves only to functions w satisfy-
ing certain additional conditions, we prove similar results even for admissible exact structures
beyond the locally finite case. For X ∈ A, we set wX : Iso(A) → N to be the function
wX(M) := dimHomA(X,M).
Lemma 4.6. (cf. [31, Theorem 4 (1)])
Let A be a Hom−finite idempotent complete k−linear additive category.
(i) The function wX is an Emax−valuation, for each X ∈ A. If X ∈ P(E), then wX is
E−additive.
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(ii) Suppose that for X ∈ ind(A)\ ind(P(Emax)), there exists an AR conflation in Emax
ending at X:
τX ֌ T ։ X.(4)
Then for each Y ∈ ind(A), we have
wY (X)− wY (T ) + wY (τX) = δYX .
Dually, suppose that there exists an AR conflation in Emax starting at X:
X ֌ U ։ τ−1X.(5)
Then for each Y ∈ ind(A), we have
wY (X)− wY (T ) + wY (τ−1X) = δYX .
(iii) Any linear combination
∑
V ∈ind(A)
aVwV with aV ∈ Z∀V ∈ ind(A) is additive, whenever
it is well-defined. If all aV are non-negative, it is an Emax−valuation. If A is locally
finite, each such formal sum is well-defined.
Proof. Part (i) follows from the existence of long exact sequences. The alternating sum
wY (X) − wY (T ) + wY (τX) in (ii) is equal to dim(SX), since SX is the contravariant de-
fect of the conflation (4). Dually, wY (X)−wY (T )+wY (τ−1X) equals dim(SX). Part (ii) then
follows from Remark 2.17.
In (iii), the fact that the sum
∑
V ∈ind(A)
aVwV is additive whenever it is well-defined follows
from (i). When all aV are non-negative, the sum is an Emax−valuation again by (i). If A is
locally finite, supp(Hom(−, X)) is finite for any object X, and so only finitely many terms
contribute to the sum. This means the sum is well-defined for any choice of aV . 
Theorem 4.7. Let A be a Hom−finite idempotent complete k−linear additive category and E
be an admissible exact structure on A. Let E ′ < E be a smaller exact structure. Suppose
suppHom(−,M)|P(E ′)\(P(E)) <∞, ∀M ∈ A.(6)
Then the function
(7) wE,E ′ : Iso(A)→ N, wE,E ′ =
∑
P∈ind(P(E ′))\ ind(P(E))
wP
is well-defined and E ′−characteristic in E . It defines an algebra filtration on H(E) whose
associated graded isH(E ′).
Proof. By the condition (6), for eachM ∈ A, only finitely many functions in the formal sum on
the right hand side of (7) take non-zero value on M . Since A is Hom−finite, these values are
well-defined (i.e. finite). Therefore, the function wE,E ′ is well-defined. It is clearly E ′−additive.
Since each term is an Emax−valuation by Lemma 4.6(i), each term is a E−valuation is well, and
then so is the sum wE,E ′.
Let X ֌ Y ։ Z be a conflation in E . By Theorem 2.19, we have a decomposition
[X ]− [Y ] + [Z] =
∑
U∈ind(A)\ ind(P(E))
([τU ]− [C] + [U ])bU ,
for some bU ∈ N, where
τU ֌ C ։ U
is the AR conflation in E ending at U.
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Then we have
wE,E ′([X ]− [Y ] + [Z]) =
∑
U∈ind(A)\ ind(P(E))
wE,E ′([τU ] − [C] + [U ])bU
=
∑
U∈ind(A)\ ind(P(E))
P∈ind(P(E ′)))\ ind(P(E)
wP ([τU ] − [C] + [U ])bU
=
∑
U∈ind(A)\ ind(P(E))
P∈ind(P(E ′))\ ind(P(E))
bUδ
U
P
=
∑
P∈ind(P(E ′))\ ind(P(E))
bP .
Since all bP ≥ 0, we have
wE,E ′([X ]− [Y ] + [Z]) = 0
if and only if for any P ∈ ind(P(E ′))\ ind(P(E)), bP = 0. This happens if and only if we have
a decomposition
[X ]− [Y ] + [Z] =
∑
U∈ind(A)\ ind(P(E ′))
([τU ]− [C] + [U ])bU ,
for some bU ∈ N and such that at least one of bU is non-zero. Applying Theorem 2.19, we find
that this happens if and only if the conflation
X ֌ Y ։ Z
is a conflation in E ′. Then if this conflation is in E\E ′ instead, we have
wE,E ′([X ]− [Y ] + [Z]) > 0,
or, equivalently,
wE,E ′(Y ) < wE,E ′(X) + wE,E ′(Z).
This proves that wE,E ′ is E ′−characteristic in E . The rest follows from Proposition 4.2. 
By our alternative proof of Theorem 2.21, if A is locally finite, then any exact structure on
it is admissible. By definition of local finiteness, condition (6) is satisfied for all pairs E ′ < E
of exact structures on A. Therefore, the Theorem 4.7 applies to all pairs E ′ < E and we get the
following corollaries.
Corollary 4.8. Let A be a Hom−finite, locally finite idempotent complete k−linear additive
category.
• Let E be an exact structure on A. Then the function
(8) wEmax,E : Iso(A)→ N, wE =
∑
P∈ind(P(E))\ ind(P(Emax))
wP
is well-defined and E−characteristic in Emax.
• Let E be an exact structure on A. Then the function
(9) wE,Eadd : Iso(A)→ N, wE,Eadd =
∑
P∈ind(A)\ ind(P(E)
wP
is well-defined and Eadd−characteristic in E .
• For any pair of exact structures E ′ < E , the function wE,E ′ defines an algebra filtration
onH(E) whose associated graded algebra is H(E ′).
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Corollary 4.9. Let A be a Hom−finite, locally finite idempotent complete Fq−linear additive
category. For every set of pairwise non-isomorphic indecomposables I ⊂ Ind(A), for every set
{aV |V ∈ I} of natural numbers (aV ∈ N ∀V ∈ I), the function∑
V ∈I
aVwV
is well-defined and induces an algebra filtration onH(Emax). The associated graded algebra is
H(E), where E is the unique exact structure whose set of projectives is I ∪ ind(P(Emax)).
4.3. Comparison with the approach of Berenstein-Greenstein. In the work [12], Beren-
stein and Greenstein proved a PBW-type theorem for Hall algebras associated to Hom− and
Ext1−finite exact categories. To be more precise, they showed that the Hall algebra of such an
exact category E is generated by the classes of indecomposable objects. As in the PBW-theorem
for universal enveloping algebras, the crucial point is to define an algebra filtration such that the
associated graded algebra has a simple structure. In the situation of Hall algebras, there is no
natural candidate for such a filtration.
For this they considered a proset (preordered set) structure ⊳ on Iso(A) (recall that we have
fixed an additive category A) by requiring for any nonsplit short exact sequenceX ֌ Y ։ Z,
[Y ] ⊳ [X ⊕ Z] and taking the transitive closure. A function from Iso(A) to N preserving this
preorder, when it exists, gives a filtration on the Hall algebra of E . We denote F the set of such
functions, which coincides with the set of E-quasi-valuations. Whether the set F is empty, or
how to explicitly construct such a function, is a priori not clear.
The important observation in [12, Proposition 4.8] is that
f : Iso(A)→ N, [M ] 7→ |End(M)|
is an E-quasi-valuation on H(E). It is in general not an E-valuation: for two arbitrary objects
[M ], [N ] ∈ Iso(A), we can not expect the equality in f([M ⊕N ]) = f([M ]) + f([N ]) to hold.
In this paper we considered a subset ofF consisting of Eadd-additive functions, which we call
E-valuations. Such functions can be classified using Auslander-Reiten theory. It is interesting
to pursue that which kind of structures does F admit, as well as whether one can approximate
it by Eadd-additive functions.
In the general setting, for two exact structures E ′ < E , we can look at functions f : Iso(A)→
N satisfying f(D) < f(B) for any two conflations
A֌ B ։ C ∈ E ′, A֌ D ։ C ∈ E\E ′.
Such functions will produce filtrations to degenerate fromH(E) toH(E ′). The functions studied
in [12] are special cases when E ′ = Eadd.
4.4. Degenerations and twists. Recall that the nilpotent part of a quantum group of a finite
valued quiver Q is isomorphic to (a subalgebra of) the twisted Hall algebra H(mod kQ) rather
than to its untwisted counterpart. Therefore, it makes sense to investigate the effect of changes
of exact structures on twisted Hall algebras. We begin with the following simple observation.
Lemma 4.10. Let E ′ < E be a pair of exact structures on an additive category A. If the Euler
form of E is well-defined, it descends to a bilinear form on the Grothendieck K0(E ′) of E ′,
denoted by the same symbol:
〈·, ·〉E : K0(E ′)×K0(E ′)→ Q×.
Proof. Since each conflation in E ′ is a conflation in E , the statement follows from the existence
of long exact sequences of Exti−functors in E . 
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As explained in Section 3, this implies that the Euler form 〈·, ·〉E and its square root
√〈·, ·〉E
give well-defined deformations of the Hall algebraH(E ′).We get the following reformulations
of main results of Sections 4.1 and 4.2.
Theorem 4.11. Let A be a Hom−finite, idempotent complete and k−linear additive category.
Let E ′ < E be a pair of Ext1−finite admissible exact structures on A.
(i) If w : Iso(A) → N is an E−quasi-valuation, there exists a filtration F• on Htw(E)
where Fn is spanned by the [M ] such that w(M) ≤ n, which is normalized if w is so.
(ii) If w is E ′−characteristic, the associated graded ofHtw(E) with respect to this filtration
is H(E ′) twisted by the form√〈·, ·〉E . That is, the product of two classes [A] and [B] is
given by the formula
√
〈A,B〉E
∑
C∈Iso(A)
|Ext1E ′(A,B)C |
|Hom(A,B)| [C].
(iii) The function wE,E ′ given by the formula (7) is E ′-characteristic and induces a filtration
from item (ii).
(iv) Any filtration onHtw(E) given by an E−valuation is the Hall algebra of a smaller exact
structure, twisted by the form
√〈·, ·〉E .
Corollary 4.12. Let A be a Hom−finite, locally finite, idempotent complete and k−linear
additive category. Let E be an Ext1−finite exact structure on A. Then the function wE,Eadd
defined in Corollary 4.8 defines an algebra filtration on Htw(E) whose associated graded is
H(Eadd) twisted by the form√〈·, ·〉E . That is, the product of two classes [A] and [B] is given
by the formula √〈A,B〉E
|Hom(A,B)| [A⊕B].
If we have two hereditary exact categories and a bijection F on the set of objects such that
|Ext1(A,B)C | = |Ext1(FA, FB)FC|, their Hall algebras are related by a well-defined twist
|Hom(A,B)|
|Hom(FA, FB)|
(these categories have isomorphic Grothendieck groups and this quotient descends from the sets
of isomorphism classes to the Grothendieck groups).
In particular, if we take E , E ′ exact structures on the same hereditary category A, with E and
E ′ having only one AR sequence each: A ֌ B ։ C and A′ ֌ B′ ։ C ′, with all the terms
being indecomposable, thenH(E) andH(E ′) are related by a twist. In principle, even for a pair
of different exact structures E , E ′, this twist can be trivial. In this case, H(E) and H(E ′) are
isomorphic. We discuss the minimal such example in Example 6.6.
For any pair of additive categories with the same cardinality of the set of indecomposables,
Hall algebras of their split exact structures are just q-symmetric polynomials on the same set
of variables, but the powers of q appearing in the commutation relations may be completely
different.
Under conditions of Corollary 4.12, the associated graded of Htw(E) with respect to the
filtration given by wE,Eadd is always an algebra of q-symmetric polynomials in variables
{[A]|A ∈ Ind(A)}, but the powers of q appearing in the commutation relations depend on the
structure E .
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5. POLYHEDRAL CONES AND DEGENERATIONS OF HALL ALGEBRAS
Let A be a Hom−finite idempotent complete k−linear additively finite category and E ′ <
E be a pair of exact structures on A. For an exact structure E on A, we denote H(E) the
corresponding Hall algebra. Following [32] we define two polyhedral cones from these data.
The first one is called the K-theoretic cone of such pair of exact structures. Since E ′ < E ,
there exists a canonical surjection K0(E ′) ։ K0(E). We let ΛE,E ′ denote the kernel of this
surjection. Since K0(E ′) is a free abelian group, so is ΛE,E ′. We set
ΛE,E
′
R := Λ
E,E ′ ⊗Z R.
Let CE,E ′ ⊆ ΛE,E ′R be the polyhedral cone generated by [X ] − [Y ] + [Z] for X ֌ Y ։ Z a
conflation in E \ E ′. We set CE := CE,Eadd . As a consequence of Theorem 2.18, we have:
Proposition 5.1. The extremal rays of the polyhedral cone CE,E ′ are given by [X ] − [Y ] + [Z]
forX ֌ Y ։ Z an AR-conflation in E \ E ′, hence the cone CE,E ′ is simplicial.
Proof. According to Theorem 2.18 (v), the polyhedral cone CE,E ′ is generated by [X ]−[Y ]+[Z]
for X ֌ Y ։ Z an AR-conflation in E \ E ′. In order to show that these are extremal rays,
it suffices to notice that since A is additively finite, any non-projective indecomposable object
appears in one and only one AR-conflation as the rightmost term. 
We look at the extremal case. Let Λ := ΛE
max,Eadd , ΛR := Λ
Emax,Eadd
R and C := CE
max,Eadd be
the cone in ΛR. The polyhedral cone C is simplicial of dimension N − n where N is the rank
ofKadd0 (A) and n is the cardinality of ind(P(Emax)).
Remark 5.2. The fact that the exact structures on A form a Boolean lattice ([28], see also [16,
Theorem 5.7]) can be rephrased into: the face lattice of the simplicial cone C is a Boolean lattice
on N − n elements.
The second cone is called the degree cone of the Hall algebraH(E). For simplicity we denote
I := ind(A). By [12, Theorem 1.1], the Hall algebra H(E) is generated by [M ] for M ∈ I.
Any function d : I → R gives rise to a filtered vector space structure on H(E) by imposing
d(M) as the degree of [M ]. For a pair of exact structures E ′ < E , the associated degree cone is
defined by:
DE,E ′ := {d ∈ RI | d induces an algebra filtration and grd(H(E)) = H(E ′)},
where grd stands for taking the associated graded algebra with respect to the filtration induced
by d. We set DE := DE,Eadd and D := DEmax . The closure DE,E ′ , when being non-empty, is a
polyhedral cone.
Theorem 5.3. We have
DE,E ′ = {ϕ ∈ (Kadd0 (A)⊗Z R)∗ | for any x ∈ CE,E
′
, ϕ(x) > 0; for any y ∈ CE ′ , ϕ(y) = 0}.
Since ind(A) is a Z-basis ofKadd0 (A), both sides of the above identity are in fact in the same
space.
Proof. For a function ϕ from the right hand side and a conflation X ֌ Y ։ Z ∈ E \ E ′,
by Theorem 2.18 (v), we can write [X ] − [Y ] + [Z] as a non-negative sum of AR-conflations
in E . There exists an AR-conflation A ֌ B ։ C not in E ′ having non-zero coefficient.
This implies ϕ(X) + ϕ(Z) > ϕ(Y ). Moreover, if such a conflation X ֌ Y ։ Z ∈ E ′
then ϕ(X) + ϕ(Z) = ϕ(Y ). This implies that ϕ induces an algebra filtration on H(E) whose
associated graded algebra isH(E ′).
Directly translating the properties in the definition of DE,E ′ into conditions on extensions
shows the other inclusion. 
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When projected to the corresponding subspace, the cone DE,E ′ can be naturally identified
with the dual cone of CE,E ′ in (ΛE,E ′R )∗.
6. EXAMPLES
Let Q be a finite Dynkin quiver and A be the additive category of finite dimensional repre-
sentations of Q over Fq. For an exact structure E on A, we denote H(Q, E) the corresponding
Hall algebra.
Example 6.1. For E = Emax and E ′ = Eadd, we recover the result in [32]. Let w0 be a reduced
decomposition of the longest element in the Weyl group of the Lie algebra g(Q) associated to
the underlying graph of Q. We assume furthermore that w0 is compatible with the orientation
of Q.
Proposition 6.2 ([32]). The polyhedral cone D coincides with the quantum degree cone asso-
ciated to w0 in [9]. Its points induce degenerations of the negative part of the quantum group
U−ν (g(Q)).
Example 6.3. We consider the quiver
Q = 1 −→ 2 −→ · · · −→ n.
For 1 ≤ i ≤ j ≤ n, let Ii,j denote the indecomposable representation of Q supported at nodes
i, i+ 1, · · · , j and Si := Ii,i. The AR-conflations in Emax are
(A). Ii,j → Ii−1,j ⊕ Ii,j−1 → Ii−1,j−1, for 2 ≤ i < j ≤ n;
(B). Si+1 → Ii,i+1 → Si, for 1 ≤ i ≤ n− 1.
This example is studied in [31, 32, 30] under the framework of PBW filtration and the maximal
cone in the tropical flag variety corresponding to the Feigin-Fourier-Littelmann-Vinberg (FFLV)
toric variety.
We briefly discuss this connection in the above framework, complete proofs can be found in
[21, 31, 32, 30].
Let g = sln+1 be the type An Lie algebra and g = n
+⊕ h⊕ n− be a triangular decomposition
of g. The positive roots in g will be denoted by ∆+ := {αi,j | 1 ≤ i ≤ j ≤ n}. For a positive
root αi,j in g, we fix a generator fαi,j in the weight space of n
− of weight −αi,j .
Let EPBW be the smallest exact structure on A containing the AR-conflations Si+1 →
Ii,i+1 → Si for 1 ≤ i ≤ n − 1. Let DPBW be the intersection of the degree cone DEPBW
(recall that DE := DE,Eadd) with the face of D defined by those ϕ taking zero value on the
AR-conflations above of type (A). The polyhedral cone DPBW is simplicial of dimension n− 1
having 2n−1 faces.
By Corollary 4.9, the Hall algebra H(EPBW), up to a twist, is a degeneration of the quantum
group U−ν (g). Any point d in the cone DPBW induces a filtration on H(EPBW). According
to the PBW-type theorem for quantum groups in Lusztig [52] and Ringel [59] (see also the
arguments in [31, Section 2.2 and 2.3]), by taking the ν 7→ 1 limit, the Hall algebra H(EPBW)
can be specialized to the universal enveloping algebra U(n−d ) of some Lie algebra n
−
d , which
is isomorphic to the associated graded algebra of the universal enveloping algebra U(n−) with
respect to the filtration induced by giving degree degree d(Ii,j) to the PBW root vector fαi,j ∈
n−.
Let Vλ be the finite dimensional irreducible representation of g of highest weight λ and vλ ∈
Vλ be a highest weight vector. For k ≥ 0, let FkU(n−) denote the linear span of elements
in U(n−) having degrees no more than k. It induces a filtration on Vλ by setting FkVλ :=
FkU(n−) · vλ. We denote V dλ the associated graded vector space: it admits a cyclic U(n−d )-
module structure. Let vdλ be the class of vλ in V
d
λ .
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For example, we take p ∈ D such that for any 1 ≤ i ≤ j ≤ n, p(Ii,j) = 1: it is in
DPBW. The filtration on U(n−) induced by p is the usual PBW filtration used in the PBW
theorem. Although the Hall algebra H(EPBW) is non-commutative, its ν 7→ 1 specialization
U(n−p ) is isomorphic to the symmetric algebra S(n
−). Studying a monomial basis of V pλ and its
polyhedral parametrization is the main topic in [33].
For any d ∈ DPBW, the Lie algebra n−d appeared in [21], via the exponential map, as the
group of symmetries of some linear degenerate flag varieties. We make its connection to the
face lattice of DPBW explicit.
According to Proposition 5.1 and Theorem 5.3, the face lattice of DPBW is isomorphic to
the canonical Boolean lattice of the subsets of [n − 1] = {1, 2, · · · , n − 1}. Precisely, for any
subset I := {i1, · · · , ik} of [n− 1], there exists a unique face FI of DPBW consisting of those φ
satisfying
(1) for i ∈ I , φ([Si]) + φ([Si+1]) > φ([Ii,i+1]);
(2) for j ∈ [n− 1] \ I , φ([Sj ]) + φ([Sj+1]) = φ([Ij,j+1]).
All faces of DPBW arise in this way.
Let ρ be the half sum of all positive roots. We associate to d ∈ DPBW a geometric object
F ldn+1 := exp(n−d ) · [vdρ ] ⊆ P(V dρ )
as the highest weight orbit in the representation V dρ through the cyclic vector v
d
ρ . This is a
flat degeneration of the usual complete flag variety. It is easy to see that if d and d′ lie in the
relative interior of the same cone inDPBW, F ldn+1 is isomorphic toF ld′n+1 as projective varieties.
This procedure associate a family of isomorphic varieties to every element in the face lattice of
DPBW.
These varieties appear naturally in the framework of linear degenerate flag varieties, where
the poset structure on the face lattice is interpreted as the orbit closure structure of degenera-
tion of representations. Let e := (1, 2, · · · , n) and M be a representation of the quiver Q of
dimension vector (n+ 1, · · · , n+ 1). The quiver Grassmannian Gre(M) consisting of subrep-
resentations of M having dimension vector e is called a linear degenerate flag variety in [21]
since whenM0 = I
⊕n+1
1,n , Gre(M0) is isomorphic to the complete flag variety.
For any d ∈ DPBW, we let Id = {i1, · · · , ik} ⊆ [n − 1] be such that d ∈ FId . We fix the
ordering i1 < · · · < ik and consider the following representation of Q:
Md := I
⊕n+1−k
1,n ⊕
k⊕
ℓ=1
(I1,iℓ ⊕ Iiℓ+1,n).
It is proved in [21] that as projective varieties, F ldn+1 ∼= Gre(Md). To compare the poset
structures, notice that for two points d,d′ ∈ DPBW, when Id ⊆ Id′ , the representationMd′ is a
degeneration ofMd.
For example, the point p lies in the interior of DPBW, and the above isomorphism is proved
by Cerulli Irelli, Feigin and Reineke in [23].
For d ∈ DPBW, the defining ideal of the projective variety F ldn+1 is described in [22]. Such
an ideal is in fact the initial ideal of the Plu¨cker ideal describing the complete flag variety with
respect to some degree function. The linear map ϕ in [32, Section 5.3] (see also [30, Section
7]) maps DPBW affinely to a face F of the tropical flag variety trop(F ln+1) in the Plu¨cker
embedding (see [32] for details).
More geometric and representation-theoretic properties of the varieties F ldn+1 can be found
in [21, Section 5].
Remark 6.4. A point in the coneD gives a filtration on any finite dimensional irreducible repre-
sentation of the quantum group Uν(g(Q)). It is natural to ask for a basis of these representations,
together with a nice polyhedral parametrization, which is compatible with such a filtration.
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Example 6.5. We consider Q = 1 −→ 2 ←− 3. The AR-quiver has the form
P1
❅
❅❅
❅❅
❅❅
❅
S3oo
S2
>>⑥⑥⑥⑥⑥⑥⑥
  ❆
❆❆
❆❆
❆❆
I2
>>⑥⑥⑥⑥⑥⑥⑥⑥
  ❆
❆❆
❆❆
❆❆
❆
oo
P3
??⑦⑦⑦⑦⑦⑦⑦
S1.oo
The three AR-conflations are
(1). S2֌ P1 ⊕ P3 ։ I2, (2). P1֌ I2 ։ S3, (3). P3֌ I2 ։ S1.
For a proper subset I ⊆ {1, 2, 3} we denote EI the smallest exact structure on A containing the
AR-conflations indexed by I . We have 23 = 8 different exact structures, cf. [16, Section 4.2].
By fixing a total ordering on indA, say
M1 := S2, M2 := P1, M3 := P3, M4 := I2, M5 := S3, M6 := S1,
we identifyKadd0 (A) with Z6. Let x1, · · · , x6 be coordinates of Z6. Then
K0(E1) = Z6/(x1 − x2 − x3 + x4)
and
K0(E12) = Z6/(x1 − x2 − x3 + x4, x2 − x4 + x5).
The kernel of the canonical Z-module map K0(E1)։ K0(E12) is given by Z(x2 − x4 + x5),
and CE12,E1 = R≥0(x2−x4+x5). The dual coneDE12,E1 consists of pointsd = (d1, · · · , d6) ∈ R6
such that d2 + d5 > d4 and d1 + d4 = d2 + d3. Its closure is a 5-dimensional cone in R
6 having
a 4-dimensional linearity space.
We denote ⋄12 and ⋄1 the multiplications in the Hall algebraH(Q, E12) andH(Q, E1) respec-
tively.
The Hall algebra H(Q, E12) is generated by [Mi] for i = 1, · · · , 6. For most of pairs i, j,
Ext1E12(Mi,Mj) = Ext
1
E12(Mj ,Mi) = 0, so for such pair i, j, we have the following relations
inH(Q, E12):
[Mi] ⋄12 [Mj ] = 1|Hom(Mi,Mj)| [Mi ⊕Mj] =
|Hom(Mj ,Mi)|
|Hom(Mi,Mj)| [Mj ] ⋄12 [Mi].
Note that since E12 is hereditary, we also have 1|Hom(Mi,Mj)| = 1〈Mi,Mj〉E12 , whenever
Ext1E12(Mi,Mj) = 0.
The only products of generators that are not given simply by the multiples of classes of their
direct sums are the following:
[M4] ⋄12 [M1] = [M1 ⊕M4] + (q − 1)[M2 ⊕M3],
[M5] ⋄12 [M2] = [M2 ⊕M5] + (q − 1)[M4].
Then all these identities, except for the last one, still hold in H(Q, E1), and the last one is
replaced by
[M5] ⋄1 [M2] = [M2 ⊕M5].
Naturally, the commutation relations between the generators change accordingly. In
H(Q, E12), we have two non q−commuting pairs of generators [Mi]:
[M4] ⋄12 [M1]− q[M1] ⋄12 [M4] = (q − 1)[M2] ⋄12 [M3],(10)
[M5] ⋄12 [M2]− [M2] ⋄12 [M5] = (q − 1)[M4].(11)
EXACT STRUCTURES AND DEGENERATION OF HALL ALGEBRAS 27
The coefficient q ahead of [M1] ⋄12 [M4] appeared because |Hom(M1,M4)| = q, hence
[M1] ⋄12 [M4] = q−1[M1 ⊕M4].
InH(Q, E1), we still have
[M4] ⋄1 [M1]− q[M1] ⋄1 [M4] = (q − 1)[M2] ⋄1 [M3],
but the relation (11) transforms to
[M5] ⋄1 [M2]− [M2] ⋄1 [M5] = 0.
Each point d ∈ DE12,E1 gives rise to a filtration onH(Q, E12)whose associated graded algebra
is exactlyH(Q, E1).
Example 6.6. Consider the disjoint union of two quivers of type A2 : Q = 1 −→ 2 3 −→ 4.
The AR-quiver has the form
P1
  ❆
❆❆
❆❆
❆❆
P3
  ❆
❆❆
❆❆
❆❆
S2
>>⑥⑥⑥⑥⑥⑥⑥
S1oo S4
>>⑥⑥⑥⑥⑥⑥⑥
S3oo
There are two AR−conflations:
S2֌ P1 ։ S1
and
S4֌ P3 ։ S3.
We have 22 = 4 different exact structures. In particular, there are 2 different exact structures
E1, E2 strictly between Eadd and Emax: E1 contains the firstAR−conflation but does not contain
the second AR−conflation; E2 contains the second AR−conflation, but does not contain the
first one.
Their Hall algebras are naturally isomorphic. The isomorphism is induced by the equivalence
of exact categories
F : (A, E1) ∼→ (A, E2),
S1 7→ S3, S2 7→ S4, P1 7→ P3,
S3 7→ S1, S4 7→ S2, P3 7→ P1.
Note that the isomorphism is not given by the identity on objects, and these 2 exact structures
correspond to different faces of the cone C.
Example 6.7. Let Λ be a hereditary Artin algebra of infinite representation type and P its
full subcategory defined by the preprojective component, as in Example 2.22. Since modΛ
is Hom− and Ext1−finite, so is P endowed with an arbitrary exact structure E . Our results
show the existence of functions on Iso(P) that induce degenerations from H(Emax) to H(E)
and from H(E) to H(P, Eadd).Moreover, for any additive function on the the set Iso(P), the
associated graded to the induced filtration on H(Emax) is the Hall algebra of a certain exact
structure of P.
Since the category has infinitely many indecomposables, one should consider the cones C(P)
and D(P) in an infinite-dimensional vector space. For a pair of exact structures E ′ < E , the
corresponding cones live in (mutually dual) finite-dimensional vector spaces whenever the set
ind(P(E ′))\ ind(P(E)) is finite.
EXACT STRUCTURES AND DEGENERATION OF HALL ALGEBRAS 28
7. REMARKS ON EXTRIANGULATED STRUCTURES ON AN ADDITIVE CATEGORY
In this section, we will briefly discuss one direction in which we can generalize our results.
This will be the subject of the upcoming sequel, where all the details will be given.
Nakaoka and Palu recently introduced a notion of extriangulated categories [55]. This is a
unification of exact and triangulated categories. One can also consider it as an axiomatisation
of full extension-closed subcategories of triangulated categories, although it is not known yet
whether every extriangulated category admits an embedding (as a full extension-closed subcate-
gory) into a triangulated category. The datum defining an extriangulated category consists of an
additive categoryA, a bifunctor E : Aop×A → Ab and a so-called realization correspondence
s that essentially defines the class of conflations. This datum must then satisfy certain axioms
that simultaneously generalize axioms of exact and of triangulated categories.
As we mentioned in Introduction, the associativity of Hall algebras of exact categories can
be explained in terms of higher categories. Namely, to each exact category one can associate
an ∞−category of special kind: an exact ∞−category. To each exact ∞−category, Dycker-
hoff and Kapranov [25] associated a simplicial space, called the Waldhausen S•−space. They
proved that it satisfies a certain property that they called being 2-Segal. If we one starts from
a Hom− and Ext1−finite exact category, the associativity of its Hall algebra can be seen as a
shadow of this property of the corresponding S•−space. Stable ∞−categories are exact, and
the associativity of derived Hall algebras of their homotopy categories is again just a shadow
of their S•−spaces being 2-Segal. Very recently, Nakaoka and Palu [56] proved that for every
additive exact ∞−category (or, equivalently, for every exact ∞−category in terminology of
Barwick [10]), its homotopy category admits a natural extriangulated structure. This suggests
that one should be able to define associative Hall algebras of Hom− and Ext1−finite extrian-
gulated categories, generalizing those of exact and of triangulated categories. In the upcoming
sequel, we will give such a definition for all extriangulated categories satisfying certain natural
finiteness conditions. Note that Toe¨n [68] defined Hall algebras only for algebraic triangu-
lated categories, but Xiao and Xu [69] proved that the same definition applied for an arbitrary
triangulated category (satisfying certain finiteness conditions) produces an associative algebra
without any assumption on the existence of an enhancement. The same is true for extriangu-
lated categories: their Hall algebras depend only on 1-categories, although in the presence of
∞−categorical enhancement, Hall algebras themselves admit, in some sense, higher categorical
enhancements in the form of Waldhausen S•−spaces.
An additive category A can be endowed with many extriangulated structures (E, s). Unlike
exact structures, extriangulated structures on an additive category do not form a lattice, and the
reason is twofold. First, the definition of extriangulated structures suggests that they should
probably form a cofiltered category, rather than just a poset. The precise structure has not been
studied yet. Second, when an additive category admits a triangulated structure, the latter pro-
vides an extriangulated structure that has no non-zero projectives or injectives. Thus, whatever
variation of the containment order we might consider, this structure would be maximal. But
it is well-known that any category that admits a triangulated structure, admits at least two of
them that differ from each other by the choice of a sign. More generally, there exist additive
categories with several triangulations [8].
From the point of view of Hall algebras, the second observation seems to be inconsequential.
Indeed, in all the known situations all triangulated structures on a given additive category are
related by global automorphisms of the category (that do not change the shift functor), see [8]
for details. From the form of the structure constants, it follows that in this situation (derived)
Hall algebras of different triangulated structures, whenever defined, are all isomorphic to each
other.
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It is not immediately clear whether the first observation has any relevance to Hall algebras
either. Let A be an additive category. Assume that each extriangulated structure on A has
a well-defined Hall algebra and that extriangulated structures on A form a set. Consider the
quotient of this set by the following equivalence relation: (E, s) ∼ (E′, s′) if the identity map
on objects in A induces an isomorphism of the Hall algebras H(E, s) ∼→ H(E′, s′). We can
endow this quotient with the following partial order: we say that (E′, s′) ≤ (E, s) ifH(E′, s′) is
a degeneration ofH(E, s). It seems probable that this endows our quotient with a structure of a
meet semilattice. Indeed, every exact structure on A can be seen as an extriangulated category
in a unique way. In particular, the split exact structure (A, Eadd) defines the extriangulated
structure that we denote by (A,Eadd,⊕). Its Hall algebra as of an extriangulated category is
the same as H(Eadd), i.e. a skew polynomial algebra. This is then the minimal element in our
poset, the argument is similar to arguments in Section 4. The previous paragraph suggests that
our quotient set of extriangulated structures might be a bounded complete lattice.
Naturally, we would like to define this poset without referring to Hall algebras. Under cer-
tain conditions, for an extriangulated structure (E, s) on A, we can define and study intervals
[(Eadd,⊕), (E, s)]. Hu, Zhang and Zhou [44] recently generalized the notion of proper classes
(originally due to Beligiannis [11]) from triangulated categories to extriangulated categories.
Zhu and Zhuang [71] investigated the condition Ex = AR and proved their theorems in a larger
generality that we considered in the present paper - namely, in the setting of extriangulated cat-
egories. Ogawa [57] considered defects and effaceable functors for extriangulated structures on
additive categoriesA with weak kernels. He proved that in this setting, these two notions again
coincide and form a Serre subcategory of the category of finitely presented modules over A.
The converse statement is not yet known, i.e. it is not verified whether for an arbitrary A with
weak kernels there exists a Serre subcategory of its category of finitely presented modules such
that each its Serre subcategory is the category of contravariant defects of conflations in an extri-
angulated structure on A. However, the notion of AR conflations is defined for extriangulated
categories [45], and their defects are always simple objects in the category of finitely presented
modules. Using all this, we can generalize our Theorem A as follows.
LetA be aHom−finite, idempotent complete, k−linear locally finite small additive category
endowed with an E−finite extriangulated structure (E, s). Then there are lattice isomorphisms
between the lattices 3 of
• Proper classes of extriangles in (E, s);
• Relative extriangulated structures ED with respect to full subcategories D of A;
• Relative extriangulated structures ED with respect to full subcategories D of A;
• Extriangulated structures (E′, s′) such that Im(s′) ⊂ Im(s) and E′ is given by the re-
striction of E on the preimage of Im(s′);
• Subsets of the set of AR sequences in (E, s);
• Subsets of the set of all the indecomposables in A that are not projective in (E, s);
• Subsets of the set of all the indecomposables in A that are not injective in (E, s).
In particular, each of these lattices is Boolean. If there are finitely many indecomposables
in A that are not projective in (E, s), this lattice is a face lattice of a simplicial cone whose
extremal rays are given by the generators of AR(E, s).
Since we did not give any required definitions, we leave the proof to the upcoming sequel.
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